Square Root Property, Completing the Square, Quadratic Formula
The Square Root Property: We know that if r’=qa,z=\aorz=-a.

1. Use the square root property to solve the following.

12 =50 16p? = 49 3u? +4 =31 5r2+125=0
X =[50 or x=-{% P @9 3a?=27 | 2.9 5x2 . 125
16 B
x= 58 or X== 52 P 4179 U=J3 or u=-9 xt. _25
=47 f=
/': 7 2 . u=3 or u=-3 x=ﬁ5 or X= 5
; P=24 o P=-% x =51 or X=5j
(p-572=9 @Bt— 42 =4 2(z-32-6=0 (u+5)32+18=0
F-5- 09 or P.-5:—5 (x_;)'l: 3 (c,\.,.S)1 = -8
(%x-3)= |3 or (9(—3)_-.--@ U+5=‘C[_8 or U+5= _m

P-5+3 or p= 5-3
W= -5+ 3T1 or u=_5_3ﬁi

P=§ or P=2 x={3+3 o x= 3-13

Notice the'second row all had a binomial, like (z + d) squared, which allowed us to use the square root
property, since that was the only occurrence of the variable. If we have a quadratic equation that is not in

this form, we can rewrite to be in this form, and this is called completing the square.

In fact, we can use completing the square to derive the Quadratic Formula, which shows that if

— b+ VB — dac
az? + bz + ¢ =0, then 2 = = i
2a
2. Use completing the square, the Quadratic Formula, or factoring to solve the following.
p*+4p+6=0 ~3y-10=-y* 5+ y1_3y-lo=o 20(z+6) =14 5 2%+ 2= 4=
KXy = =42 J16-4(1)E _—___‘;—T\/B_.. XXy = =314 Jorqar-iey N = =24 gy
20 i a2y B e
.Y <32 . 337 5 %5 ==ty
2 7] 39(2: -3 "’T‘—— = —3 i\E-
n2yhtd=0 2 4+4r4+8=0
%o - U fLahzy L | Xp¥y = =43 {16-a0)(8) 4t 6
____‘_5'___5_ -1 % 12 "
; s TV AT pal 20 vy
= A .
d % % - A4 | a4
3. Remember that z-intercepts happen when y = 0 or f(z) =0, and y-intercepts occur when r = 0. Find the
2 and y-intercepts of the functions below. Write your answer in point form.
o(z) =& +8y—5  d-nt: -5 flz) =322 + 2z -2 Yot 22
%-inf 9= — q:,ﬂ*gj-B =0 o_ink: B(x) =0 _%,'39(2_?“‘1:0
RipXg = = 8 £ J8§94-4(4)(5) _Bxl2 _ ol X, - —(D) £ /4-4RFD 2+ J28 Ul fF IR
2(4) - 78 2 15 2(3) 2.3 373 7 3
<52°%
ial velocity of 32 ;g‘—: from a cliff that is 48 feet off the ground. The

4. A baseball is thrown upward with an init
= —16¢2 + 32t + 48. Find the time at which the

bascball’s height h (in feet) after ¢ seconds is given by h(t)

height of the ball is 64 feet.
Yo =
3 e €9 —IKE 432t 498 =5 _[6E* (30t 44— 64 =o

62 32 - 1€ =0 .

ho=48 ft
Findy = -(+32) + J(sa)ﬁ-‘f(#;)(-ls) R
2 (-1€) To-32
at E=1s the ]ne\ﬁl\,-{- Is €4 feet.
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5. Sketch a graph of y = z? by plotting points, using z = —3,-2,-1,0,1, 2,3.

9(/—-3 -2 -1 o i
3]94 I o 4 3

6. Sketch the following graphs by plotting points, and compare these to the graph of y = z2.
glz) =122 -2

4w
a |

4 )

¥
X
Vet

T ‘\\p-/ i 4 b 3

7. Generally, if f(z) = 2% + k, describe how the graph shifts the y = z? if k > 0 and if k < 0.

’ff")=“‘+‘¢{ F kYo, it shifts k o op
if Kge it Shifts K 0 down

8. Sketch a graplh of the following functions, and compare these to the graph of y = 22,

h(z) = (z-2)% k(z) = (z + 3)2

N

Wf h(o ) 3'0[3)1 Si'uﬁ:s h
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Graphs of Quadratic Equations

1. Sketch the following graphs by plotting points, and compare these to the graph of y = 2.
flz) = 2z2*

h(z) = 1z2
N P AL
_3 311 2 % ‘
-2

SR (R !

2. Generally, if f(z) = az?, describe how a affects the graph of y =22 if 0 < a < 1,ifa > 1, if -1<a<0,or
ifa< -1,

i o<l farabola opens vpward, and strechs |,
th aye ﬁ!abol& opens ufworcl. ond Cnmpressf.sn
iF -i{a{s Rrabolo, cfens downwerd ond gedus,

it ag-) fwﬂz’u opens }_,wmll and com[;rci%.

3. Putting this all together, we see that a quadratic equation of the form f(z) = a(x — h)? + k, which is called
the Vertex Formu

o Is the graph of y = z* shifted / spaces to the right or left (depending on the sigu of h), and shifted &
spaces up or down (depending on the sign of £). This means that its vertex is (h, k).

e The axis of symmetry is £ = h.

e If @ > 0, the parabola opens upward, and k is the minimum value of the function.

e If a < 0, the parabola opens downward, and k is the maximum value of the function.

minimnum or a maximmun and what that value is.

f@)=(z+1)*-3

4. Graph the following. First state their vertex and axis of symnetry. Also, state whether the function lLias a

glz) = —2(x - 2)? +4

Yertey . (—I,-;)

Yertex -
axis of Symmetry . = -|

K

('\‘174)
axis of Fymmetry: x <2

=-3 js -qu MHNMUM K=4 15 Hae, ma.ximum
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uadratic equations will not always be written in the vertex form. We can use completing the square to see
I g {

—b —-b
that when a quadratic equation is in standard forin, azx? 4+ bx + c, the vertex is given by | —, f | = |-
¥ 2a 2a

. For the following quadratic function, find the vertex, z and y-intercepts, and axis of symmetry. State whether
it opens up or down and has a minimum or maximum. Where (at what x value) does the min/max occur,
and what is that min/max value. Sketch a graph using what you have found.

flzy=22-6z+5 N
verbe . =LE) o3, (3,4

F)- 9-1845- -4

Xeint © A _Lx+5 =0

w8k Jfag- '
x ; 3¢-4(5) _ c:_-th =5 L (Sb)) (1s0)
L(j..'wc!-,S

(e»5)

. Ben sells used iPhones. The average cost to package iPhones is given by the equation C(z) = 3z? - 120x +
1300, where x is the number of iPhones packaged per month.

Deteruine the immber of iPliones that Ben needs to package in a month to minimize the average cost.

C(X)=a _‘—_>| '3(2)9(-_’9.01-0 =9 _b {20 B
. T * e - 20 |

—>9<=Lé_o,g

What is the minimum cost?

>3
C(Z‘D) = 3(20) o )10(2_0) 31300 = 100}

. An arrow is shot straight upward into the air from the ground with an initial velocity of 128 —;% The height

of the arrow off the ground (in feet) is represented by h(t) = —16t2 + 128t, where ¢ is the number of seconds
after it is shot. Answer the following.

e At what time does the arrow reach its max height?

h’(k‘):o =‘> —Ba't a3 lls = or x_"‘ ‘E =L‘ S
£=N% _4s “Hexd 45
32

¢ What is its max height?
h4) = - 1e(4)? + 128(%) =256 ﬂ]

e When will it reach the ground again?
hee) . _1ge 4 128t <o

‘é(-’ét + ‘28) =0
+=0

f;l_lléﬁi_gj
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Composition of Functions and Functions and Inverses

flx)=1+4 g(z) =2z + 4z h(z) =22 +1 k(z) = %
1. Given the functions above, find the following.
h

(f +9)(x) (9- f)(z) (9 k)(z) (E) (z)

= f0) 4 gex) 903 - £1) [90). [k()] futis |
2 t = = = 'Xa+ x
:.9(&-‘!4.1‘214-475@ = a2y 4x-4 =X < [Reax]). 4 kog T T
= 2% 4 3x Y ] = 2x+4]
(ho f)(x) = h(f(z)) (ko h)(z) = k(h(x)) (fog)(z) = fly(z))

() 1= 2P 8x 4 I 4 » 'F-"{F ( = 24 9%+ 4]
= x%4 8x 4 l?,

We defined a function by saying that it is a relation that assigns cach z (domain) value exactly one y (range)
value. We are now going to look at Inverse Functions. The Inverse Function, f~*(z) of a function f(z)
exchanges the domain and range of f(z), meaning that the domain of f(z) becomes the range of f~', and
the range of f(z) becomes the domain for f~1(z).

2. If the following po'ints for a function f(z) represents the pounds of coffee sold as z and the total for that
coffec as y, f = [(1,8.50), (4,34),(1.5,12.75)]. This means that 1 pound of coffee costs $8.50, 4 pounds cost
$34, and 1.5 pounds costs $12.75.

Find f~! and state the meaning of the points.

i Dot piodt meany Fhak £i5 poecd £ coffer et 1

i
F< [(B5051), (39, 4), (1275 l.s)J T WR—

Since we interchange z and y values for the inverse function of a function, then for a function to have
an inverse, if the x values in two coordinate pairs are different, then the y values must also be different.
Remember we had the vertical line test to test if ¢ is a function of z, now we will use the Horizontal Line
Test to sce if f is one-to-one, which is necessary for it to have an inverse.

Now if f maps z to y and f~! maps y. back to z, see picture below, then f(f~1(z)) = z = f~!(f(z)). So
inverse functions undo each other and get us back to z, very handy!

Dhwnae of £ Koaer ¢
,

! ¥ \‘
c\ A "’> L}
/7 " )
o B
@Vorify that f and g are iny " /s not 3i(en.'

S(r) = G-
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Since inverse functions exchange z and y values, to find an inverse function of a one-to-one function, y = f(x),
we can follow these steps:

Replace f(x) with y.

Interchange z and y.

Solve for y.

Replace y with f~1(x).

. Use the steps above to find an equation for the inverse of each of the one-to-one functions below.
fl@) = 37-2 n(z) = 4z +2
‘d:%gx_l d=9242 Y-
a2,
% 14 9 . x=dag+l > X2 h
3 - | .
32 = Ly 5 3X42)=9 > £ (=346 Flxy- %= -
EL q el
glz) =z° +1 k(z) =4¥z -5
9=l o = y3y) “J=‘lj\/_—zi 3z 3
- F D('—_q“"k "5 . (ﬁ‘_=(.'.‘__r
e 'X-—I,_é"i_ :EL.:-J':.{/?(',‘J JJ — 5} . J-5 )

- z ' x3 < e B8 B
o= G5 =4-5 =>Y=ip+E - ™)
We use thie Liorizontal line test fo see if a function is one-to-oue. If a function fails this test, we may
to restrict its domain so that it is one-to-one.

5

. Sketch a graph of f(z) = 22 +3. Docs it pass the horizontal line test? If not, how can we restrict its domain

(which x-valnes can we limit or function to) so that it is one-to-one? Sketch the new graph (restricted
domnain) on the second coordinate plane.

. ) ¥ st )
o TIPC I Nel- ene-do - ope )

dhen fx) is are-do_one

.Pf'('x) 02 f(x)=9+3, Xy ©
by
w=y2e3 »(xB= " 5 -3 =Y
=3

Label some of your points on your restricted domain, and since the inverse function will interchange o and
y values of this function, plot points for the inverse function on the same coordinate plane and sketch its
graph.

;. Now look back at problemn 5. State the domain and range of both f and f~!. Find an cquation for f~!(z).

Domain f{x} P Xy Dormsin 1[—’{'1’) : 7(}3

Range fix) - Iv3 P\gnge I‘f(f) ;o Xpo

P 2 Jx-3 !
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